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Abstract-In this paper the boundary-value problem for the stress concentration at a spherical cavity in a
field of isotropic tension is solved within the framework of Mindlin's theory of an elastic continuum with a
deformable micro-structure. It is found that the stress concentration factor is moderately larger than the 3/2
of classical elasticity for a wide range of material properties and ratios of radius of cavity to a length parameter
of the material-with a critical ratio, nearly independent of the remaining material properties, for which the
stress concentration factor is a maximum.

INTRODUCTION

IN THIS paper a boundary-value problem is solved within the framework of Mindlin's [1]
theory of an elastic continuum with a deformable micro-structure. In the first section the
equations of the continuum are presented, and in the following section a set of necessary
and sufficient conditions on the elastic constants for the potential energy density to be
positive definite is displayed.

In the third section the differential equations which govern radially symmetric prob­
lems are derived and their general solution is exhibited. A linear differential operator,

(1- AiD;)(1- A~D;)D;,

where

2 d2 2 d 2
D =-+---­

r - dr2 r dr r2 '

arises, and it is shown that Ai and A~ are positive, real-valued parameters which depend
on material properties.

In the fourth section the boundary-value problem for the stress concentration at a
spherical cavity in a medium of infinite extent subject to a field of isotropic tension is
formulated, and the solution is obtained. The nondimensionalized form of the solution
depends upon eight ratios of elastic constants and the ratio of a length parameter of the
material to the radius of the cavity. In the fifth section, by utilizing experimental informa­
tion and analogies with the classical theory of elasticity, ranges of values for these ratios
are selected.

Calculations are performed for several values of each ratio, covering a wide range, and
the results are presented in the sixth section. In contrast to the solution obtained by
employing the classical theory of elasticity, where the result is a constant, 3/2, independent
of material properties and the radius of the cavity, the solution obtained by employing
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84 J. L. BLEUSTEIN

the theory of an elastic material with micro-structure shows a stress concentration factor
which depends on both material properties and radius. In all the cases considered, the
stress concentration factor is higher than the classical 3/2, and there appears to be a
critical radius of cavity, for each material, at which the stress concentration factor reaches
a maximum. The ratio of the critical radius, to the material property chosen as a reference
length, is insensitive to wide variations of the eight remaining material properties.

EQUATIONS OF THE ELASTIC CONTINUUM WITH MICRO-STRUCTURE

In [1], Mindlin derived the following relations in rectangular cartesian coordinates
Xi' i = 1,2,3, for an elastic continuum with a deformable micro-structure: the twelve
stress equations of equilibrium (omitting body forces)

olrij +CTij) = 0,
(1 )

and the twelve traction boundary conditions,

where 0i == O/OXi is the gradient operator,

(2)

oW
CTij == ~Y ,

o ij

oW
Ilijk == -;:)-.

U"ijk
(3)

In (3), !ij is the Cauchy stress, CTij is the relative stress, Ilijk is the double stress, and
W (cij' Yij, "ijk) is the potential energy density with

(4)

(5)

where eij is the macro-strain, Yij is the relative deformation, "ijk is the micro-deformation
gradient, Uj is the macro-displacement, and l/tij is the micro-deformation.

The potential energy density, ~ is taken to be a homogeneous quadratic function of
the forty-two variables eij, Yij,-"ijk. In the case of a centrosymmetric, isotropic material
(referred to as isotropic in the sequel) W reduces to

W = tAeiiejj+lleijeij+tbIYiiYjj+!b2YijYij

+ tb3YijYji +g I Yiiejj +g2(Yij +Yji)eij
1+a 1"iik"kjj+a2"iik"jkj +2a3"iik"jjk

1 1
+ -,;a4"ijj"ikk +as"ijj"kik +-,;ag"iji"kjk

+ ta 1O"ijk"ijk+a11"ijk"jki+ ta13"ijk"ikj

+ta14"ijk"jik +ta 1 5"ijk"kji,
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and the constitutive equations (3) become

!ij = ..1.c5 i}lkk+ 2JlI'ij+gl c5ijYkk+g2(Yij+Yji),

(Jij = glc5ij8kk+2g2Bij+blc5ijYkk+b2Yij+b3Yji,

Jiijk = al(K pp ic5jk + Kkppc5i) + a2(Kppjc5ik + Kpkpc5i)

+ a3KpPkc5ij + a4Kippc5jk + as(Kjppc5ik + Kpipc5 jk)

+ asKpjpc5ik + aloKijk + all(Kkij + Kjki)
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(6a)

(6b)

(6c)

(7)

where c5ij is the Kronecker symbol.
Inserting the definitions (4) into the constitutive equations (6) and the latter into the

stress equations of equilibrium (11 twelve equations on the twelve variables Ui> t/Jij are
obtained which, in invariant form, may be written

(Ji+2g2+b2)V2U+(..1.+Ji+2g l +2g2+bl +b3)VV' U

-(gl +bl)V(I:\jI)-(g2+ b2)V' \jI-(g2+ b3)\jI' V = 0,

(a l +as)[IV' \jI' V + VV(I :\jI)]+(a2 +all)(V, \jIV + V\jI' V)

+ (a3.+ al4)VV . \jI+a4IV2(I:\jI)+(as +alS)\jI' VV

+aloV2\j1+a13V2\j1c+glIV' U+g2(VU+UV)

+blI(V'u-I:\jI)+b2(Vu-\jI)+b3(uV-\jIc) = 0,

where I is the idemfactor, \jIc is the conjugate of \jI, and V is the gradient operator.

POSITIVE DEFINITENESS OF THE POTENTIAL ENERGY DENSITY

The quadratic form (5) can be written in matrix notation as

w= tXAXT (8)

where A is the symmetric matrix,

A l 063 063 063 067 067 067 066

036 A2 033 033 037 037 037 036

036 033 A2 033 037 037 037 036

036 033 033 A2 037 037 037 036

A= 076 073 073 073 A3 077 077 076
(9)

076 073 073 073 077 A 3 077 076

076 073 073 073 077 077 A3 076

076 073 073 073 077 077 077 A4
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with

bl +b2+b3 bl bl gl +2g2 gl gl

bl bl +b2+b3 bl gl gl +2g2 gl

bl bl bl +b2+b3 gl gl gl +2g2
Al - gl +2g2 Jc+2fl Ie Iegl gl

gl gl +2g2 gl Jc Jc+2fl Jc

gl gl gl +2g2 Jc A A+2fl

lb,
b3

g'lA2 == b3 b2 :2 ,
(10)

g2 g2

~l ~2 ~2 a2 +as+ag

~2 ~3-a4 a4 as +all +a 14

~2 a4 ~3 -a4 as

A3 == a2+as +ag as+all +a14 as ag+alO+ aIS

a2+aS+ag as as+all +a14 ag

al +a2+a3 al +all +alS al a2+all +a13

al +a2+a3 al a l +all +a15 a2

a2+ aS+ ag al +a2+a3 al +a2+a3

as al +all +a lS al

as +a ll +a14 al al +all +al S

a g a2+all+a13 a2

ag+aIO+aIS a2 a2+all +a13

a2 a3+ a IO+ aI4 a3

a2+ all +a13 a3 a3+ aIO+ al4

all

all

A4 ==
al4

a15

al3
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where,

~1 == 2a1+2a2+a3+a4+2as+aS+alO+2a11+a13+a14+a1S,

~2 == a1+a4 +as'

~3 == 2a4+a10+ a13'

The matrix Omn is the zero matrix with m rows and n columns, X is the row vector,

with

Xl == [Y33' Y22' Y11' 6 33, 6 22 , 6 11 ],

X 2 == [Y32' Y23' 2623],

X 3 == [Y13' Y31' 263tl,

X4 == [Y21> Y12' 26 121
X s == [/(111'/(122'/(133'/(212'/(313'/(221>/(33tl,

X6 == [/(222' /(233' /(211) /(323' /(121) /(332' /(112],

X 7 == [/(333' /(311' /(322, /(131) /(232' /(113' /(223],

Xs == [/(123' /(231' /(312, /(213' /(321' /(132],

87

(11)

and XT is the transpose of X.
A well known theorem of algebra (see for example [2]) states that, if M is a real, nxn,

symmetric matrix and if Y is a real row vector with n elements, then a set of necessary
and sufficient conditions for the quadratic form, q == YMyT

, to be positive definite can be
obtained by requiring the discriminants of the quadratic forms obtained from q by
eliminating, successively, (n- n (n-2), ... ,°of the variables, to be greater than zero.

In the present case, the matrix A of the quadratic form (8) has a higher degree of
symmetry than that required by the theorem, and the number of inequalities needed to
insure positive definiteness of the potential energy density is less than the number of
variables. The step-by-step evaluation of the discriminants can be performed (see Appen­
dix), and equivalent sets of necessary and sufficient conditions for positive definiteness
can be selected. One such set is the following:

_ 2g~
Ii == Ii--- > 0,

b2 +b3

3X+2t1 == 3A.+21i- (3g 1+2g2)2 > 0,
3b 1+b2+b3

b2 +b3 > 0,

b2 -b3 > 0,

3b 1 +b2 +b3 > 0,
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~l > 0,

~4 = alo+2all +a13 +a14 +alS > 0,

~S =alo+2all-a13-a14-a15 > 0, (12)

d l =~l~3 -2~~ > 0,

d 2 =(aIO+al3)(alO+aI S)-(all +al4)2 > 0,­

d 3 = (alO-all)Z-(a13-aIS)2_(al4-aIS)Z+(a13-a15)(al4-aIS) > 0,

i~l ~Z a2 +as +as

d 4 = ~Z ~3 2as+all +al4 > 0,

a2+ aS+ aS 2as + all + al4 2aS+alO +a IS

i~1 ~2 a2+as +as al +a2 +a3

~Z ~3 2aS+all +al4 2a l +all +alS
d s =a2+ aS+ aS 2as+ all + al4 2aS+alO+aIS 2a2+all +a13

> 0.

al +a2 +a3 2al +all +alS 2a2 +all +a13 2a3+alO+aI4

RADIAL SYMMETRY

(13)+= t/Jrr(r)erer+t/J8ir)e8e8+t/J88(r)e~e~,

where er, ell> e~ are the unit vectors corresponding to the spherical coordinates r, fJ, cjJ.
Inserting (13) into (7) and taking linear combinations of the resulting equations we
obtain the system:

Governing equations

F or radially symmetric problems we take

U = ur(r)e"

kllDoD2Ur-k12D3t/J~-k13Dot/Js = 0,

k2lDlUr+(k22DlD3 -k~2)t/J~+k23DlDot/Js = 0,

k3lD2Ur+k3ZD2D3t/J~+(k33D2Do-k33)t/Js = 0,

(14a)

(14b)

(14c)

where,

t/Js = t(I:+) = t(t/Jrr+ 2t/J88)'

t/J~ =erer:(+-t/JsI) = i(t/Jrr-t/J88);

the linear differential operators Di are defined by

(15)

d 1
DI =---,

dr r
d 2

Dz =-+-,
dr r

d 3
D3 =-+-,

dr r
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k ll = A,+2Jl+2g1+4g2+b 1 +b2+b3,

k22 = ~t -2~2 +!~3'

k33 = ~1+4~2+2~3'

k23 = k32 = ~l +~2-~3'

k31 = k 13 = 3g1 +2g2+3b t +b2+b3, (16)

k12 = k21 = 2g2+b2+b3,

k~2 = ~b2+b3),

k33 = 3(3b 1 +b2+b3)·
The form of equations (14) is suggested by the form of equations (8.4) of [1], and the

definitions of the kij are the same as in [1]. Further motivation is provided by the form of
Mindlin's equations (7) of [3]. Employing the assumptions (13) and the definitions (15)
the relations (4) become:

dUr ./,D
Yrr = ~-'I"rr-t/J.,

__ Ur 1 D
Y66 - yq,q, - --t/J.+-rt/Jrr>

r

Ba.p = 0, IX # {3; Ya.P = 0, IX # {3;

dt/J::' dt/J.
K rrr = &+~,

3 t/J::'
K66r = K6r6 = Kq){pr = Kq,rq, = "27'

and all other Ka.py = 0, where the indices IX, {3, Y range over the values r, e, cP.
Inserting (17) into the constitutive equations (6), we obtain

)dur Ur ./, ./,DOrr = (A,+2Jl+gl +2g2 -d+2(A,+gd--(3g1+2g2)'I".-2g2'1"rr>
r r

066 = '<1><1> = (A, +gl)dd
Ur

+2(A,+Jl+gl +g2)Ur-(3g 1 +2g2)t/J.+g2t/J::',
r r

IX # {3;

(17)

(ja.P = 0, IX # {3;

Jlrrr = [~1-~2]ddt/J::' +3[(a 1+a2+a3)+(a2+aS+aS)]t/J::, +[~l +2~2]ddt/J·,
r r r

(18)
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]dt/J s
+[~2+~3 ~'

fl.lJlJ, = fI.</></" = [(al +a2+a3)-i(2a l +all +als)]d::

+i[(2a2+ all + a13) +(2a3 + alO + aI4)1t/J~
r

]
dt/Js

+[(a l +a2+a3)+(2a l +a ll+aIS ) ~'

fl.lJ,lJ = fl.",,</> = [(a2+as+as)-i(2as+all +aI4)]d::

+i[(2a2 +all +a13)+ (2as +alO + aIS)]t/J~
r

and all other fI.~fJY = 0.

General solution

The system of equations (14), with variable coefficients, may be transformed to one,
with constant coefficients, in the variables

(19)

by the operations

D 3(14b),

Noting that

we obtain

k21D;0 1 + [k22D;-k22 ]02+k23 D;03 = 0,

[k llk22D; -(kllk22 -ki2)]02+ [k ll k23D; +k12k13103 = 0,

[k ll k23 D; +k12k I3 ]02+ [kll k33D; -(kll k33 - ki3)]03 = 0.

Now the 0;, i = 1,2,3, satisfy the equation

(1- AiD;)(1- A~D;)D;0i = °
where

(20)

(21)
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a = kll(k22k33 -k~3)'

b = kll(k~2k33 +k22k33)+2k12k13k23 -k22k!3 -k33k!2'

C = kllk~2k33 -k!2k33 -k!3k~2'
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(22)

The nature of the solutions of (21) depends on the character of the AT. In the Appendix,
the conditions for positive definiteness are employed to prove that

a > 0, b > 0, C > 0, b2
- 4ac ~ 0, (23)

and hence that the A; are real and positive.
The operators in (21) are commutative, and hence the general solution for each e i

can be written as the sum

where ep, el, e; are the solutions of

i = 1,2,3, (24)

D;E>P = 0, (25)

The general solutions of equations (25) are:

e;l = ci3e'1),1[A!r- 2 _ Alr- 1l + Ci4e- rl ),1[A!r- 2 + Alr- 1l,

et = Cise'I),2[A~r- 2 - A2r- 1l +ci6e-rl'''[A~r- 2 +A2r- 1l,

(26a)

(26b)

(26c)

(27)

where the cij are constants. The solution for the variables u" l/J::' and l/J. is now a straight­
forward matter. The solutions (26) are inserted in (24) and the latter then substituted into
(20) to determine the relations among the constants cij' Once this has been done, the
second and third of equations (19) serve as simple differential equations on the variables
l/J::' and l/J•. These equations are solved and two additional constants of integration are
introduced. The expressions for Ur , l/J::' and l/J. are then substituted into equations (.14) to
find the remaining relations among the constants. The result is the following general
solution of equations (14):

Ur = clr+c2r-2+Pl(c3fllerl),1+c4flOe-rl),1)

+ P2(csf21erl
),2+ c6f20e-rl),2),

.I,D r -3 (h rl;,'l+ h -rl),l)
'I'rr = C2'o2r - cx l r C3 lle C4 lOe

- cx2r(c sh21e'f)'2+ C6h20e-rl ),2),

l/J. = Cl' 1 - A!r- 1(C3erl),1 + c4e- rl ),1} - A~r- 1(cserIA2+ C6e- rl ),2),

where, for i = 1, 2, and j = 0, 1,

fij = (A;/r)2 + (-1 }i(Ai/r),

hij = 3(A;/r)4 + 3( -1 }i(A;/r)3 + (A;/r)2,
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rxi =
[k II k33 - Ar(k IIk33 -ki3)] [k IIk 23 +ArkI 2k I3]

[k IIk 23 +ArkI2k13] [k ll k22 -Ar(kllk~2 -ki2)]'

[k 23 + rxi(k22 - Ark~2)] [(k 33 - Ark33) + rxik23] [rxik I2 + k 13 ]Ar
= -

kI2 k 13 k I I
(28)

STRESS CONCENTRATION AT A SPHERICAL CAVITY

The solution of the boundary-value problem for a spherical cavity of radius, a, in a
medium of infinite extent subject to an isotropic tension (to per unit area) at infinity is
obtained by applying the following boundary conditions to the general solution:

on r = a: 'rr + (Jrr = 0; P-rrr = 0; P-r99 = P-rq,q, = 0;

P-r99' P-r</>4> --+ O.

(29)

(30)

Inserting (27) into (18) and employing (28), we find after some manipulation,

+ (3 1 2~) 4 - -3+r -I( 1 rl ).,+ 1 -rl ).l)err (Jrr = CI JL+ P- - c2p-r Ir C3 lIe C4 JOe

P-rrr = -3C2(2~4r-4+C3er/).1(3~4rxIhII +Xl/1d

+ c4e-rj).1(3~4rxl h10 + Xlj~O) (32)

+ cserl ).2(3~4rx2h21 + x2/21) + c6e-rl).2(3~4rx2h20 + x2/20),

2P-rOO = 2P-rq,q, = 3c2(2~4r-4+c3erl)',( -3~4rxlhll +I]dld

+ c4e-r/ ).'( - 3~4rxlhl0 + I] dIO) + c serl ).>( - 3~4rx2h21 + 1]2121)

+ C6e- rl ).2( - 3~4rx2h20 +1]2120), (33)

where

r i = Pi(3~+2jl)-(I(k23rxi+k33)'

Xi = ~d1+rx;)+~2(2-rxi)'

'1i = 2~2(l+rxi)+~3(2-rxi)'

for i = 1,2 and J:, jl, ~h ~2' ~3' ~4' rxi' Pi, (i are defined by (11), (12), and (28). Applying the
second of the conditions (30) to equations (32) and (33) we conclude

Applying the first of the conditions (30) to equation (31) we obtain

C 1 = to/(3~+2jl).

(34)

(35)
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Now, applying the conditions (29) to the equations (31), (32), (33), and employing (34)
and (35) we get the following set of simultaneous equations for the determination of the
constants C2, C4, C6:

3C2'2~4a-4 -c4e-a/Al(3~4(Xlh~o +xd~o)- c6e-a/A2(3~4(X2h~o +x2fio) = 0,

3C2'2~4a- 4 - c4e-a/Al(3~4(X1 h~o -l1d~o)- c6e- a/A>(3~4(X2h~o -l1dio) = 0, (36)

where

ffj = /;p..;/a) and h'tj = hiP..;/a).

The solution of equations (36) is given by

toa
3

[ 1 J
C

2 = 4i1 1+K '

C4 = toae
a
/

A1
[X2+112] r K J

f~o [r2(X1 +111)-r l (X2+112)] [l+K '

toae
a
/
A2 [Xl +l1d r K J

C6= - f~o [r2(XI+111)-r l (X2+112)]L1+K'

where

K _ -3'2~4f~of~o[r2(XI +111)-r1(X2+112)]

- 4iJ.a2[(3(X2~4h~o + Xd~O)(X1 +l1l)f~o -(3(XI ~4h~o + Xd~O)(X2 + 112)f~or

We define a stress concentration factor,

'66+0"661 ,
to Jr=a

(37)

(38)

which is the ratio of the force per unit area, across a meridional plane at r = a, to the
radial force per unit area far from the cavity. Inserting (27) into (18) and employing (34)
we find

'66+ 0"66 = cI(3~+ 2iJ.) + 2c2i1r- 3

-1c4e-r/A'r IA,12r [h lO - 2(A,tlr)2f10]'

-1c6e-r/A2r2A,2 2r[h 20 - 2(A,2/r)2f20]'

and hence, employing (35) and (37) we find

'66+0"661 = ~ r1+ KK' J
to Jr=a 2 L 3(1 +K) ,

where

K' = [f~or1(X2+112)-f~or2(X1 +111)]
nOf~O[rt<x2+112)-r2(XI +111)]'

and K is defined by (38).

(39)

(40)
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PREPARATION FOR NUMERICAL CALCULATIONS

For the purpose of obtaining numerical values for the stress concentration factor, it is
desirable to express the material constants, that appear in K and K', in terms of dimen­
sionless quantities for which estimates of magnitudes can be made. It can be shown that
K and K' can be expressed in terms of the following independent ratios of material con­
stants:

VI == 2g2 /(b 2 +b3 )

V2 == (3g 1 +2g2)/(3b I +b2+b31

V3 == O:+2ji)/(b2+b3 ),

V4 == (~+2ji)/(3bl +b2+b3 ),

Vs == ~/2(~+ ji),

V6 == ~3/~1'

V7 == ~2/~1'

Vs == ~4gJ,

and an independent ratio of a parameter of the material with the dimension of length,
e.g. AI or ,.1,2' to the radius of the cavity.

The selection of appropriate values for the ratios Vi(i = 1, 2, ... , 8) would be a simple
matter if the elastic constants were known from experiments; but such is not the case.
However, by studying Mindlin's [1] solutions for micro-vibrations and plane waves and by
solving three simple problems of homogeneous deformation, viz., simple tension, hydro­
static pressure, and shear, an understanding of the physical significances of the ratios Vi

can be gained. Coupling this with the results of neutron scattering experiments and the
conditions for positive definiteness of the potential energy density we can obtain what
appear to be reasonable ranges of values for these ratios.

Solutions of the .problems of simple tension, hydrostatic pressure, and shear are
easily obtained by noting that the assumptions

Lij = constant, (Jij = 0, Jl.ijk = ° (41)

satisfy the stress equations of equilibrium identically. In addition, from (6),

Jl.ijk = ° implies Kijk = 0,

(Jij = ° implies (J(ij) = 0,

where

(42)

(43)

However,
(44)

(J(ij) = glbi/'kk+2g2Gij+blbijYkk+(b2+b3)Y(ij)' (45)

Thus, (J[ij] = °implies Y[ij] = 0, and, solving (45) for Y(iJ) in terms of Gij with (J(ij) = 0, we
find

(46)

whence

(47)
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Inserting (46) and (47) into (6a) and noting that Y[ijl = 0, we obtain

'tij = XI\hk +2f1eij

95

(48)

in analogy to the classical theory of elasticity. The form (48) was also obtained by Mindlin
[1] in connection with a low frequency long wave-length approximation to his micro­
structure theory.

Equations (48) can be inverted to give the strains in terms of the stresses, and it is
evident from (46), (47) and (48) that the assumptions (41) will lead to solutions with

eij = constant, Yij = constant, Kijk = o.
Solutions of this form will satisfy Mindlin's compatibility equations, and hence can be
integrated to give Ui and t/Jij'

Uniform tension

A prism (with axis in the Xl direction in rectangular cartesian coordinates) which is
subjected to a uniform tension, T, over its plane ends and which is free from traction on
its lateral surfaces is in equilibrium under the stress field

'tll = T,

Employing (48) we find

all other 'tij = 0, (Jij = 0, J1ijk = o.

O+f1)T -XT
ell = f1(3X+2f1)' e22 = e33 = 2f1(3X+2f1)"

As in classical elasticity (see for example [4]) we may now define a Young's modulus, E,
and a Poisson's ratio, v, by

- _ T _ f1(31 + 2f1)
E=-- ~ ,

ell A+ f1

and the numerical values that were assigned to E and v in the classical theory will now be
assigned to E and v. Consequently, 1and f1 will be assigned the numerical values formerly
assigned to the Lame constants A and J1 of the classical theory. Now, employing the first
and the second of the inequalities (12) and the definition of vwe obtain

31+2f1 = 1+v > 0
2f1 1-2v '

and hence - 1 < v < t for positive definiteness. If we now restrict our consideration to
"normal" materials, by which we shall mean materials for which quantities analogous
to Poisson's ratio are positive and for which the micro-deformation has the same sign
as the macro-deformation, then we may delimit the range of vs(== v) by 0 :::;; Vs < t.
Hydrostatic pressure

A body of arbitrary shape subjected to a hydrostatic pressure, P, will be in equilibrium
under the stress field

't ll = 't 2 2 = 't33 = -P, 'tij = 0 (i #- j), (Jij = 0, J1ijk = O.

The macro-dilatation, eii' is equal to -3P/(3X+2f1), and Yii is given by (47). Thus,

v2( == (3g 1 +2g2 )/(3b l +b2 +b3 ))

7
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appears as the negative of the ratio of the relative dilatation to the macro-dilatation. We
have the intuitive idea that, for normal materials under hydrostatic pressure, the micro­
dilatation, "'ii' will be somewhat less than the macro-dilatation and hence that the relative
dilatation, Yii' will have the same sign as Sii' This implies that V2 ~ O. Furthermore, from
(47), it is evident that V2 = 0 corresponds to a limiting case in which the material is micro­
homogeneous in bulk, i.e., the micro-dilatation coincides with the macro-dilatation, and
that V2 = -1 corresponds to a limiting case in which the micro-medium is incompressible.
Thus, the appropriate range for V2 is -1 ~ v2 ~ O.

Shear

A cube subjected to a uniform shear, T, on its faces normal to the Xl> X2 directions is in
equilibrium under the stress field

all other 'I:ij = 0, J.lijk = O.

Employing (48) we find that S12 = S21 = T/2f1 and employing (46) we find that

Y021 = - [b22~~JS12 = -V1S12·

Following similar arguments to those used in establishing the range for V2' we conclude
that the appropriate range for Vl is -1 ~ Vl ~ O.

Results from wave propagation and the constitutive equations

From the studies of plane wave propagation in [1] we see that V3 can be determined
from the relation

where d is half the length of a unit cell (assumed to be a cube), p and p' are the total mass
per unit macro-volume and the mass of micro-material per unit macro-volume respectively,
Vl is the limiting group velocity of longitudinal waves at zero frequency and zero wave
number and ro. is the cut-off frequency for longitudinal-optical waves. An estimate for V3

can be obtained from the results of recent studies of bismuth ([51 [6], [7]). However, since
bismuth is trigonal and not isotropic we must allow for some variation in the computed
V3' Thus, taking

Vl = 2 x lOs em/sec, ro. = 1·5 x 1013 rad/sec, d = 3 A,
and assuming p = p', we calculate V3 ~ 0'6, which we shall take as a typical value. In
any case, we are assured from the conditions for positive definiteness, (12), that V3 > O.

Again, from the studies of plane wave propagation in [11 we see that V4 can be deter­
mined from the relation

~+2f1 3pvi
V4 == 3b l +b2 +b3 = p'd2rof

where p, p', d and Vl were defined previously, and rod is the cut-off frequency for longi­
tudinal-dilatational waves. To the writer's knowledge, no experimental values of OJd have
been observed and hence we must at present resort to intuitive arguments in order to
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establish an appropriate range of values of V4• We note that

V4 b2+b3- = -::-:--=:..-:--...:-:-
V3 3b1+b2+b3'

and, from the form of the constitutive equations, we can interpret b2 +b3 as a relative
stiffness in shear and 3b1 +b2+b3 as a relative stiffness in dilatation. It is plausible to
expect that the ratio of these two stiffnesses is analogous to the ratio of the corresponding
stiffnesses, 2J1. and 3A+2J1., in the classical theory of ela'sticity leading, for a normal
materia~ to the range 0 < V4/V3 ::s; 1.

For the determination of appropriate ranges of values of V6 and V7 we employ the
inequalities (see (12»

(49)

and an analogy with the classical theory of elasticity. Suppose that at some point in a
body the only non-zero component of the double stress is J1.111 (in rectangular cartesian
coordinates X1> X2' X3)' An examination of the constitutive equations (6c) reveals that this
double stress will be accompanied by non-zero micro-deformation gradient components
"111> "122' "133' "212' "313' "221> and "331' Suppose now that it is desired to eliminate
all the "Ult except for "111' It is clear from the constitutive equations that to do this requires
the application of the double stresses J1.122' J1.133' J1.212' J1.313' J1.221> and J1.331' In particular,
J1.122( = '2"111) must be applied to eliminate the micro-Poisson-like effect, "122' produced
primarily by J1.111' Also, it is clear from Fig. 2 in [1] that, in a normal material, for "111 > 0
we must have J1.122 ~ 0, and hence '2 ~ O. Furthermore, if we argue that applying a J1.122
to eliminate the"122 caused primarily by a J1.111 in the micro-structure theory is analogous
to applying a 'r22 to eliminate the 1122 caused primarily by a 'r11 in the classical theory,
then for normal materials we will have

o ::s; J1.122 = '2"111 = V
7

< 1.
J1.111 '1"111

Once a value of V7 is chosen, a range of values of \-'6 can be selected which satisfies the
inequalities (49).

For the determination of an appropriate range of values of Vs we note that

'1 == (a1 +a2+ a3)+(a2+ aS+ aS)+'2+'4

and hence, according to the sign of [(a 1+a2+a3)+(a2 +as +as)+ '2]' '1 can be greater
than or less than '4' However, it seems reasonable to suppose that '1 and '4 are of the
same order of magnitude for a typical material, and noting that (12) requires that Vs > 0
for positive definiteness, we take 1/10 ::s; Vs ::s; 10 as a comprehensive range of values ofvs.

In order to nondimensionalize the solution, it is necessary to single out a material
property with the dimension of length. It is clear from (5) and from the definitions of
Illj' Ylj, and "Ijlt' that any ratio of a linear combination of the at's to a linear combination
of A., J1., the bt's and the gt's or any linear combination of such ratios would suffice. As more
becomes known about the elastic constants of materials with micro-structure it may be
possible to relate a ratio constructed in this way to some characteristic dimension of the
micro-structure. For the present, it is convenient to choose as fundamental one of the
lengths A10 A2 which appear explicitly in the solution; we choose the larger of the two, A1'
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It is evident from a comparison of equation (21) with the corresponding governing
equation of the classical theory, that much of the difference between the results of the
two theories can be measured in terms of the parameters Al and A2' If these lengths are
small compared to the radius of the cavity, then the effects of the micro-structure will
also be small. It is also apparent from a comparison of equations (3) of [3] with equations
(28) and (29) of [3] that a similar statement (concerning the effect on the classical solution
of the relative magnitude of length parameters of the material to a characteristic dimension
of the body under consideration) can be made for more general boundary-value problems.
In view of this, and the fact that the predictions of the classical theory of elasticity have
been substantiated by photoelastic experiments on bodies of macroscopic dimensions
and by vibration experiments at wavelengths of the order of a few thousand angstroms,
it appears that quantities like Al and )"2 are certainly very small compared to macro­
scopic dimensions and may indeed be of the order of magnitude of a dimension of the
micro-structure. In fact, a calculation* of the magnitude of a quantity, analogous to ;'1
and A2, based on data obtained by Germer, MacRae and Hartman [8] in low-energy
electron diffraction experiments, shows that this quantity is approximately 5/8 of the

interplanar distance of atoms. On the other hand, for the boundary-value problem under
consideration, the radius of the cavity should probably be several times larger than a
typical dimension of a crystal lattice if the continuum micro-structure theory is to be
applicable. Thus, the ratio a/At should be greater than unity, and we shall take this as the
lower limit in the numerical calculations.

It is evident that it is much more difficult to choose a small range of appropriate values
for the ratio a/AI than it is for the Vb and the numerical calculations are designed with
this in mind. In order to keep the numerical work to a minimum while still exhibiting the
characteristic features of the problem at hand it is convenient to choose a hypothetical
'standard' material (by assigning a set of values to the ratios vd and to observe the behavior
of the solution as the ratio a/At is varied. In addition, departures from the standard are
also considered in order to show the effects of varying the Vi'

RESULTS

On the basis of the remarks in the preceding sectioll a standard set of values of the Vi

is chosen to be

VI = -0'10, 1'5 = 0,30,

1'2 = -0'10, 1'6 = 1,00,

1'3 = 0,60, 1'7 = 0,30,

1'4 = 0'20, Vg = 1'00,

and computations are performed to observe how the solution changes when one of the
Vi is allowed to vary from its standard value while the other Vi are either fixed at their
standard values or restrained to remain in their fixed standard relationship to the varying
Vi' The results of these computations are exhibited graphically in Fig. 1.

Two interesting characteristics of the solution are revealed. The first is that, in contrast
to the solution obtained by employing the classical theory of elasticity, where the stress

• R. D. Mindlin (private communication).
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FIG. I. Stress concentration factors for various hypothetical materials.

concentration factor is a constant, 3/2, independent of material properties and the radius
of the cavity, the solution obtained by employing the theory of an elastic material with
micro-structure shows a stress concentration factor which depends on both material
properties and radius. In all the cases considered, the stress concentration factor is higher
than the classical value of 3/2. However, as the ratio (alA.,) approaches infinity, the micro­
structure solution approaches the classical solution and, on the scale of Fig. 1, the
difference between these solutions is indistinguishable for (alA.,) > 103

•

The second interesting characteristic is the appearance of a maximum stress concentra­
tion factor at an intermediate value of (alA.,). In view of the previously mentioned
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FIG. 2. Decay of stress for the standard material.

NONDIMENSIONAL DISTANCE (r I a)

a I AI = 10.0
a I AI = 5.0
a I AI = 1.0
CLASSICAL (a I AI = <X»)

3.53.02.52.01.5

experiments of Germer, MacRae, and Hartman, this critical value probably corresponds
to cavities with diameters one to ten times as large as the interplanar distance of atoms.

In Fig. 2 the stress ratio, ('t99+CT9INto. is plotted as a function of a nondimensional
measure, ria, of the distance r, from the center of the cavity, for the standard material
with several different values of a/A.1• It is apparent from this graph that the difference
between the micro-structure solution and the classical solution is localized at the surface
of the cavity. For values of ria > 2, the solutions are indistinguishable on the present
scale.
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APPENDIX
On positive definiteness

In this section of the appendix are outlined the steps involved in determining a set of
necessary and sufficient conditions for positive definiteness of the potential energy density.

From the discussion in the second section of this paper it is clear that if a quadratic
form is written in matrix notation q = XMXT where M is a reaL symmetric, nxn matrix
(with elements mlj) then a set of necessary and sufficient conditions for q to be positive
definite is given by:

mllm12 mll ... min

mll > 0, > 0, ... , > 0.
m2im22 m nl ... m nn

When these conditions are imposed on the matrix A of the quadratic form (8) it is evident
that each of the submatrices At> A2, A3, and A4 can be treated separately. We obtain from
Ai:

b1+b2+b3 > 0,

(b 2+b3)(2b1+b2+b3) > 0,

(b2+b3)2(3b1+b2+ b3) > 0,
2 ~

(b2+b3) (3b i +b2+b3)(A.+2}1) > 0,

4(b2+b3)2(3b1+b2+ b3)}1(~+m> 0,

4(b2+b3)2(3b1+b2+b3)}12(3~+2m > 0;
from A2 :

b2 > 0,

(b2+b3)(b2- b3) > 0,

(b2+b3)(b2- b3)}1 > 0;

from A3 :

el > 0,

el(a4 +al0+a13)-e~ > 0,

(al0+a13)L11 > 0,

!L1 1L12 +(a lO + a13)L14 > 0,

2L12L14 > 0,

e4L13L14 + L12L15 > 0,

2e4L13L1 5 > 0;

(50)
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and from A4 :
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alO > 0,

(a lO +all)(a lO - all) > 0,

(alO-all)2(alO+2all) > 0,

j{alO-all)[~4~S(alO-all)+2(alO+2all)L\3] > 0,

tL\3[2~4~S(alO - all )+ (a 10 +2a ll )L\3] > 0,

~4~SL\~ > 0,

where;' fl, ~1' ~2' ~3' ~4' ~5' L\b L\2' L\3' L\4' and L\s are defined in (11) and (12). It can now
be shown that the inequalities (12) are necessary and sufficient for the inequalities (50)
and hence necessary and sufficient for the potential energy density to be positive definite.

Proof of inequalities (23)

Proof that a > 0: It can be shown from (12) and (16) that

kll-kI2/k~2-ki3/k'33= 1+2fl > 0,

k~2 = ~(b2 +b3) > 0,

k33 = 3(b 1 +b2+b3) > 0,

and hence k 11 > 0. Also,

thus

Proof that c > 0:

c = k~2k33(kll -kI2/k~2 -kI3/k33),

and employing (51) we see that c > 0.
Proof that b > 0: We define

cPl = kll(k'22+k33)+2k12k13-kI2 -kI3'

cP2 = -Hkll(2k~2 -k33)+k12k 13 -2kI2 +kI3],

cP3 = kll(2k~2 +tk33)-2k12k13 -2kI2 -tkI3'

Then,

and

(51)

(52)

(53)

It can be shown that cP3 > °is a necessary condition for positive definiteness of the
potential energy density, and hence from (53) it is clear that cPl > 0. Likewise, it is evident



el > 0,

4Jl > 0,
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from (12) that e1 > 0 and e3 > o. It is convenient to define

a.
2 == 2e~/ele3' {32 == 24J~/4J14J3'

whence (52) implies 0 :::;;; a. < 1, and (53) implies 0 :::;;; {3 < 1. The relations

b = e14Jl +4e24J2 + e34J3'

e3 > 0, e~ = a.2e1e3, 0:::;;; a. < 1,

4J3 > 0, 4J~ = {324J14J3' 0 :::;;; {3 < 1,
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(54)

(55a)

(55b)

are sufficient for proving b > O. Suppose that e2 and 4J2 have the same sign; then b > 0
by inspection since it is a sum of positive terms. Suppose, on the other hand, that e2
and 4J2 have opposite signs; then from (54),

b = el4Jl -4Ie24J21 +e34J3'

However, from the relations (55),

4e~4J~ = a.2{32el4Jle34J3'

thus,

21e24J21 = a.{3(el4Jle34J3)t,

where we take the positive sign for the square root. Thus, employing (55),

b = el4J1-2a.{3(~14J1~34J3)t+~34J3'

b > ~14J1 -2(~14J1~34J3)t + ~34J3'

b > [(~14Jdt -(~34J3)tF,

b > O.

Proof that b2-4ac ~ 0: The relations (55), and the identity

b2-4ac = (~14Jl + 4~24J2 + ~34J3)2 - 4(e1e3 - 2~~)(4J14J3 - 24J~) (56)

are sufficient for proving that b2-4ac ~ O. We can write (56) in the form

b2-4ac = (~14J1-~34J3)2+8~24J2(el4J1 +~34J3)+8e1e34J~+84J14J3~~' (57)

Suppose that e2 and 4J2 have the same sign; then b2- 4ac ~ 0 by inspection since it is a
sum of positive terms. Suppose, on the other hand, that ~2 and 4J2 have opposite signs;
then, as in the previous proof,

b2-4ac = (el4J1-~34J3)2-4a.f3(e14Jl +e34J3)(e14J1~34J3)t+4(a.2+{32)e14J1~34J3' (58)

Making use of the inequality,

t5i+t5~ ~ 215 1152, (59)

which holds for any real 151 and 152, it follows from (58) that

b2-4ac ~ (e14J1-~34J3)2_4a.{3[(~14J1+~34J3)(~14J1~34J3)t-2~14J1~34J3]' (60)

If in (59) we insert 151 = (~14J1)t and 152 = (~34J3)t, we obtain

e14Jl +~34J3 ~ 2(~14Jle34J3)t,
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and hence
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Thus, from (60),

b2-4ac ~ (~l tPl - ~3tP3)2 -4[(~1tPl + ~3tP3)(~1tPl ~3tP3)t - 2~1tPl ~3tP3]'

b2 -4ac ~ [(~ltPl)t-(~3tP3)t]4,

b2 -4ac ~ o.
The equality sign holds if and only if ~ltPl = ~3tP3 and (X = fJ = 0 which appears to be
possible without violating positive definiteness of the potential energy density.

(Received 16 April 1965)

Resume-Dans cette etude, Ie probleme de valeur-limite de la concentration d'etfort aune cavite spherique, dans
un champs de tension isotropique, est resolu dans Ie cadre de la thl:orie de Mindlin sur un continuum elastique
ayant une micro-structure deformable. On a constate que Ie facteur de la concentration d'etfort est legerement
superieur aux 3/2 de I'elasticite classique pour une grande gamme de proprietes materielles, et que les rapports
du rayon de la cavite aun parametre de longueur de la matiere-avec un rapport critique, sont presque indepen­
dants des proprietes materielles restantes pour lesquelles Ie facteur de la concentration d'etfort est maximum.

z.........em.....-In dieser Abhandlung wird das Problem des Grenzwertes fUr SpannungsUberhohung an
einem kugelformigen Hohlraum in einem Gebiet isotropischer Spannung im Rahmen der Mindlinschen Theorie
eines el~tischen Kontinuums mit einer formverlinderungstlhigen Mikro-Struktur gelost. Es wurde festgestellt,
dass der Spannungskonzentrationsfaktor ein im mlssigen Umfang grosserer ist a1s 3/2 der k1assischen ElastizitlU
fUr einen weiten Bereich von Material Eigenschaften und Verhli1tnissen des Hohlraum Halbmessers zum
Langen-Parameter des Materials, mit einem kritischen Verhli1tnis fast unabhllngig von den verbleibenden
Eigenschaften des Materials, fUr welche der Spannungskonzentrations Faktor ein Maximum ist.

AfiCTJlllKT-3a~alfa KOH~eHTpalUlH HanplilKeHHJI Ha cclJePHlfeclmA nonOCTH B none H30TponHoro Hanpll­
lKeHHJI peweHa B paMlCax TeopHH MHHAnHHa 0 :mllCTHlfHOM KOHTHHyyMe c ~ecPoPMHpYlOl1leAcli MHKPO­
CTPYKTYPOJi.. YCTaHosneHHo, 'ITO cjIaKTOP Ko~eHTP~H HanpalKCHHlI HecKonbKo Biolwe 3/2 KJIaCcHlfecKoA
:maCTHlfHOCTH Anll 6onbworo paJHo06paJHJI CBOACTB MarepHana H Ko3cjlqlHlUIeHToB p~yca nonocTH no
OTHoweHHIO K napaMeTpaM MHIU>I MaTepHana, C KpHTHlfecKHM COOTHoweHHeM (nolfTH HC3aBHCHMbIM
OT OCTanbHblX cBoACTB MaTepHana) npH KOTOpOM nOKaJaTenb KOH~eHTpa~HH HanplllKCHHlI HMeeT MaKCH­
ManbHYIO BCJIH'IIIHY.


